
The Normal Distribution

Continuous Probability Distributions

A discrete probability distribution can be represented by a histogram, in which the _______ of each bar
gives the probability for that value.  So the total area of all the bars is ____.   The scale on the vertical axis
is probability density (like frequency density for a frequency histogram).  Bars cannot be subdivided.

Area shaded is p(X ≤ 3) Area shaded is p(X < 3)

A continuous probability distribution cannot be represented by bars since X can take an infinite number of
different values.  Instead it is represented by a probability density curve.  Probabilities are represented by
areas under the curve.  So the total area under the curve is __.  We can draw vertical lines at any value of
x, not just whole number values.

Area shaded is p(0.5 < X < 1)

It does not make sense to talk about p(X = 1.57) – this would be the area of a vertical line drawn at 1.,
which is zero..  When we say someone is 1.57m tall, we mean 1.565 < X < 1.575.  We could calculate the
probability of this.  Also (unlike discrete distributions) there is no difference between p(X < 2) and p(X ≤
2) since the only difference would be the area of a vertical line.

The equation of the curve is called the probability density function (pdf) of X, written f(x).  The area to
the left of a value x is called the cumulative distribution function (cdf) of X, written F(x).  We can find
the area between two limits by subtracting; eg the area above is F(1) – F(0.5).

In general we can find areas under the curve using integration.
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The Normal Distribution

This can be used to model many different real life variables.  It has a bell-shaped curve, so that values are
more likely to be near the mean than at the extremes.  It has two parameters, the mean µ and variance σ2.
We write X ~ N(µ, σ2)

Changing these translates or stretches the curve without changing its basic shape.

Solid line: X ~ N(6, 4) Dotted line: X ~ N(10, 9)

The curve is in theory asymptotic to the x-axis at each end.  However, in practice, we can say that it is
almost all contained within an interval of 3 standard deviations either side of the mean.  For example, for
X ~ N(6, 4), the standard deviation is 4=2 , so the distribution is from 6 – 3 × 2 = 0 to 6 + 3 × 2 = 12.
(To be precise, p(0 < X < 12) = 0.9975, so the area outside this interval is 0.0025)

Also 95% of the distribution lies within 2 standard deviations either side of the mean.

The pdf of the normal distribution is given the symbol φ(x), and the cdf correspondingly Φ(x).

To find probabilities (ie areas), we use a table which gives areas under a “standard” Normal distribution Z
~ N(0,1).  The table gives Φ(z) (ie the area under the curve to the left of z) for different values of z.

To use this table with a different Normal distribution X ~ N(µ, σ2), we have to convert X into Z using the
transformation

z=
x−µ
σ

  or x =  µ + zσ

X

Probability Density

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
0

0.1

0.2

0.3


















